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CHAPTER 1 


SETS AND 
NUMBERS 


Much of mathematics has been created by man to describe things 
in his environment. You use mathematics to count and tell the number 
of things, to describe shapes, to calculate distances and dimensions, 
to solve problems. 

In this chapter you will review the ideas of sets and subsets. You 
will look at sets of numbers and relations between them, and review 
the postulates for operating with sets and numbers. Working with 
equations will be introduced. 

For how many of the following questions do you know the answer? 

@ What do the set of horses and the set of telephone poles in the 
photographs have in common? 

@ Name some other sets in the photographs at the left. Does each 
set have a finite number of elements or an infinite number of elements? 
Can you count the stars in the center photograph? If you lived long 
enough, could you count the grains of sand on the beach in the lower 
right photograph? What is an infinite set? 

@ What are you doing when you count? How can you tell if two 
sets have the same number of elements? 

@ Can you name the part that one telephone pole is in relation to 
the whole set? Is the answer one of the whole numbers? 

@ Look at the diagram of the square. Can you count the number of 
units in the length of each side? Can you tell the length of the diagonal, 
as marked with the same units? 

® Can you find something in one of the photographs that makes you 
think of a set of points that is a triangle? a line? 

When you have studied this chapter, you will know the answers 
to all these questions and to many more. 
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1-1 Sets and Elements 


Long ago a mathematician and scientist named Galileo Galilei 
(1564-1646) noticed something very odd. He wrote a list of numbers 
used for counting, which today are called the natural numbers or 
counting numbers. 


1, 24, dy 4y Sy B, J, 8, 9, 16, 11, 12,<~- 


(The three dots mean that the list can be continued in the same way. 
The natural numbers continue without bound.) Underneath this list, 
Galileo wrote the product of each number with itself, which is called 
the square of the number. The square of 3, written as 3 x 3 or 3%, 
is 9. 

1, 2,3, 4, 5, 6 % & 9, 10, 11, 12,--- 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, --- 


Galileo noticed that the square numbers seem to be farther and 
farther apart as the numbers get larger. But there seem to be just as 
many square numbers as there are natural numbers. In fact, for each 
natural number there is one and only one square number, and for 
each square number there is one and only one natural number, called a 
square root. The natural-number square root of 16, which is 4, is 
written as V/16. 

The even natural numbers can also be matched, one to one, with 
the natural numbers. 


1,2,3,4, 3, 5, 7, & 9 10, 11, lays. 
2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, --- 


Do there seem to be as many even numbers as there are natural num- 
bers? Can you show a similar matching for the odd numbers, 1, 3, 5, 
7,9, 11,--+-, with the natural numbers? 

Galileo did not know how to explain this mystery. Many years 
later, at the end of the nineteenth century, a mathematician named 
Georg Cantor investigated the problem thoroughly and, in the process 
of explaining it, invented a new branch of mathematics that is useful 
in many ways. Cantor’s new mathematics is called set theory, and in 
the beginning of this book, you will [ams enough about sets to under- 
stand Galileo’s mystery. 

A set is a well-defined collection of objects called elements. You 
think of the collection as a single thing. When you think of the boys 
and girls in your room as a set of persons, you think of one group. 
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Well-defined means that you can tell if any given object belongs 
or does not belong to the set, that is, whether or not it is an element 
of the set. If the set under consideration is the set of green vegetables, 
then you know spinach is an element of the set, but carrot is not. The 
set is well defined. 

The idea that an element belongs to a given set is used so often 
that a special symbol is used to express it. 


Are the following two statements correct? The first statement is 
read ‘Spinach is an element of the set of green vegetables.” 


Spinach € The set of green vegetables. 
Carrot ¢ The set of green vegetables. 


Look at the examples in the table below showing the ways that a set 
may be indicated, or named. The rule method denotes the set by using 
words, formulas, or properties. The roster method denotes the set 
by listing the elements of the set in braces, { }. No matter how a 
set is denoted, it must be well defined. 


Rule method 


W = The set of whole 
numbers. 
P = The set of points 


A, B, and C. 
B 


Roster method 


Numbers 


Points 


: 


T = The set of baseball | T = {Tigers, Indians, Twins, 
teams in the Ameri- Orioles, Yankees, Sena- 
can League. tors, Red Sox, Angels, 
Athletics, White Sox} 


g={} 


No elements | g = The empty set, or 


the null set. 


In the examples the letters W, P, and T are names for the sets. 
In the last example the symbol ¢g is the name for the empty set, the 
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set that has no members at all. The set of men 17 feet tall is the 
empty set, or { }. Is the set of purple spots on this page also the 
empty set? 

Both W and {0, 1, 2,3, - - -} denote the same collection, as is indi- 
cated by the equals sign. 

Sets are used in geometry as well as in algebra. For instance, a 
line segment is defined in terms of sets. Line segment AB, AB, is de- 
fined as the set of points A and B and all the points between them. In 
this case, no braces are used, because AB has been defined as a set. 


Now try these 


_—. Refer to the examples in the table on page 3, and replace the @ 
with € or ¢ to make true sentences. 


1.2@W 2. B@P 

3. Orioles © T 4. 66 @W 

5. V2 0 WwW 6. Line segment AB © P 
7. Triangle ABC © P 8. Angels @ T 
9.106 10. Yankees © @ 


Answers: 1.€ 2 € 32€ 4¢5¢6¢7.¢ 8 € 9% E 10. ¢ 


1. What is the difference between the rule and the roster methods 
for describing a set? 

2. What do the symbols € and ¢ mean? 

3. What symbol is used to name the empty set? 

4. When is a collection a well-defined set? 


Exercises 

A — The sets W, P, T, and ¢ used in the sentences below are from 
the examples in the table on page 3. Read each mathematical 
sentence and tell whether it is True or False. 


1.3¢W | 2.2¢W 
3. DeP 4.CeéP 
5. White Sox ¢ T 6. 97 € W 
7. Cardinals ¢ T 8. 865 € W 
9.a€g 10.0¢¢ 
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=== Write the members of each of the following sets by the roster 
method. A few elements of some sets are shown. 


11. The set of odd whole numbers less than 16. 


12. The squares of all whole numbers less than 6. XD 
(0, 1, 4,2, 0,7) on 
13. The whole-number square root, V , of each number i in your 
answer to Exercise 12. 
0, 1, 2,2. 2,2} ° 
14. The natural numbers from 2 through 37 that are exactly 
divisible by 7. 
{7, 14,2, 2, 2} 
15. The consecutive, odd whole numbers from 30 to 40. 
[31,5 sy fy} 
16. The set of prime numbers less than 20. (A prime number is a 


whole number greater than 1 that has only one pair of whole- 
number factors; itself and 1.) 


17. The set of all composite numbers less than 20. (A composite 
number is a whole number greater than 1 and not prime; that is, 
it has more than one pair of factors: 6 = 6 x 1 or 3 x 2.) 


18. The set of line segments connecting the , 


points A, B, and C. 7 B 
(4B, BC, 2 . 
19. The set of line segments that are the five 
sides of pentagon PORST. P 
(PQ, OR, 2,2,2) - Cy 
20. ‘The set of vertices (points of intersection . R 
of sides) of pentagon PORST. Pentagon PORST 


iP, Wick Baer 
21. The set of teachers in your classroom. 
22. The set of infants in your classroom. 
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== Replace each @ with € or ¢ to make true sentences. (A 
multiple of a number is any of the products of the given number 


and some other whole number.) 


N = The set of natural numbers. 
W = The set of whole numbers. 


38 


B 
Cc 


1-2 


E = The set of even whole numbers. 
D = The set of odd whole numbers. 
M = The set of whole numbers that 
are multiples of 3. 


23.5@N 24.7@M 
26. 15@M 27. 7@E 
29. 81 @N 30. VJ a wW 
32. (8x2) @W 33. (8 + 3) 
35. (15 +6) @N 36. (9 +7) 


W 


D - 


8 @W 
. 198 ® D 
(23+3)0W 
(16+9)@N 
(12+96) @E 


. List the members of the set of all whole numbers less than 


Subsets 


20, each of which is named by a two-digit numeral whose tens 
digit exceeds the units digit by one. 
39. What element is in the set {0}? Does g have any elements? 


40. List the members of the set of whole numbers that are square 
roots of whole numbers less than 25. 
41. List the members of the set of prime numbers between 100 
and 200. How many elements does this set have? 


Study the following examples that illustrate the meaning of subset. 


EXAMPLE 1. Think of set P as 
the set of people in the illustra- 
tion, G as the set of girls, and B 
as the set of boys. Name the ele- 
ments of set P; 


set B. 


an element of P? 


Since each element of the set 
of girls is an element of the set of 
people, the set of girls is a subset 


of the set of people. 
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of set G; 
Is each element of G also 


of 


The symbol C€ means is a subset of. The sentence G C P is read 
“G is a subset of P.” 
Is BC P true? Explain, using the definition of subset. 


EXAMPLE 2. Here is Galileo’s problem, which was stated on page 2, 
written with the notation of sets. 


N= {1,2,3, 4.5, 6& 7% 8 9, 10, 11, 12,---} 
S = {1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, - - -} 


Is every element of S also an element of N? Which is true, NCS 
or S CN? Every element of S is an element of N, so S C Nis true. 


EXAMPLE 3. Let X be the set of points 
of the rectangle ABCD. Think of the sub- 
set of points AB. Is each point of AB an 
element of X? Then is AB C X true? 

Since each point of the segment ABis D : 
also a point of the rectangle, the segment ele Fie fa 
AB is a subset of X, and AB C X is true. 


A B 


EXAMPLE 4. Name the members 
of sets N, L, and M. Is each member 
of L also a member of N? Is each 
member of M also a member of N? 
N = {0, 1, 2, 3, 4; 5, 6,7, 8, 9} 
L = {2, 3, 4} M = {6} 
Each member of L and of M is a 


member of N. 
Tell why these sentences are true. 


a LON b.MCN 
The symbol for is not a subset of 
is 
Tell why the following are true. 
c.L¢M d.NEM 
eNEL if. MEL 


C70 @ 


\4 
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Now answer this question. Is each member of set N a member 
of N?. Then, by the definition of subset, the truth of the following 
statement should be obvious. 


Thus, the sentences P C P, N CN, and X C X are true, where P, N, 
and X are the sets in Examples 1-3 on pages 6 and 7. 

Look at Example 1 again. Suppose you are to choose a subset 
of P to come to your party. Name the members of three subsets that 
you might invite. Do you think that one of your subsets could include 
no person of set P? If you invited no person from set P, you would 
invite the empty set. If you listed all the possible subsets of people 
that you invite, it would be sensible to include the empty set. Are 
there any elements in the empty set that are not in set P? Therefore, 
you can conclude that the following is true. 


Using the sets from Examples 1-3, these sentences are true: 
CP, g9CG, 6CB, gCX, gON, BCL, 9OM. The same 
sentences can be written using braces: { } C P, { } C G, and so forth. 

Let set A be {1, 2,3}. If B= {1, 2}, is Ba subset of A? Does 
B contain all the elements of A? Then B is a proper subset of A. 


_The symbol C means is a proper_subset of. The symbol for is _ 

a a en te lal 

__not a proper subset of is C. ~ 
Suppose sets A and B are as shown at the 

right. Is A C Ba true statement? BCA? Are A-=({1,2,3, 4} 

the members of A exactly the same as the members B 

of B? This leads to the definition of equal sets. 
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The definition can be stated in mathematical symbols as follows. 


A = Bif and only if A C Band BCA. 


1. When is set B a subset of set A? When is set B not a subset 
of set A? 


2. Is set A always a subset of A? a proper subset of A? 
3. Is the empty set a subset of any set? 

4. When is it true that set S is equal to set T? 

5. When is set S a proper subset of set T? 


Exercises 
A —If A = {3, 5, 12, 15, 17}, list the elements for each of the 
following subsets of set A. 
1. The subset of A whose elements are exactly divisible by 5. 
2. The subset of A whose elements are exactly divisible by 3. 
3. The subset of A whose elements are exactly divisible by 1. 
4. The subset of A whose elements are prime numbers. 


-—= If T = {1, 3, 4, 8, 10, 16}, list the elements for each of the 
following subsets of T. 

5. The subset of T consisting of even whole numbers. 

6. The subset of T consisting of odd whole numbers named by 
two-digit numerals. 

7. The subset of T consisting of all elements of T that are 
perfect-square whole numbers. (4 is a perfect square because 
2X 2 = 4 is true, but 5 is not a perfect square because 5 is not 
the square of any whole number.) 


=== What is the number of elements in each of these sets? 


8. The set of natural numbers that divide 36 with zero as a 
remainder. 


9. The set of even natural numbers less than 40. OA . 
10. The set of prime numbers between 40 and 50. 
11. The set of digits used in our decimal system. 
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10 


_. Tell whether each sentence is true or false. (Refer to the 


diagram below for Exercises 12-16.) 
12. AB is a subset of AF. 


13. AF CAF <4{—_2—__‘, 
14. A C AB AB BF 

—— -————————_ ——_— 
15. 6 C AF AF 


16. AF ¢ AB 

17. The set {rectangle, square, parallelogram, rhombus} is a sub- 
set of the set of quadrilaterals. 

18. {0} is a subset of the set of natural numbers. 

19. {0} is a subset of the set of whole numbers. 

20. The set of natural numbers is a subset of the set of whole 
numbers. 

21. For every set A, A C A is true. 

22. For every set A, g C A is true. 

23. For every set A, A C @ is true. 


—— Replace @ with = or = in each of the following to make the 


sentence true. 


24. A @ Bif A = {a, b, c} and B = {a, b}. 

25. C @ Dif C = {2, 3, 5, 7} and D = {2, 5, 7, 3}. 

26. R@ Tif R= {%, %, 4 and T = {0.5, 0.1, 0.2}. 

(Hint: Think of R and T as sets of numbers, not as sets of nu- 
mater) 


27. J @ @ if J is the set of natural numbers greater than 5 and 
less than 6. 
28. {0} @ ¢ (Hint: How many members are in {0}? in 9?) 


—— Classify the first set of each of the following as either a proper 


subset of the second set or equal to the second set. 

29. {3, 6, 9, 15} and the set of natural numbers between 1 and 18 
that are exactly divisible by 3. 

30. The set of odd whole numbers less than 10 and {1, 3, 5, 7, 9}. 
31. The set of prime numbers less than 12 and {2, 3, 5, 7, 11}. 
32. The set of numbers represented by the numerals on a 12-hour 
clock and {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}. 

33. The set of whole numbers greater than 3 and less than 10, 
and {4, 5, 6, 7, 8, 9, 10}. 
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=== Does a subset relationship exist between X and Y for each 
of the following? If so, write a sentence using C or C. 

34, X= (0, 1, 3, 5, 7}; Y = {1,.5, 7} 

35. X = {a, b}; Y = {a, b, e} 

36. X =the set of all natural numbers less than 20; Y = the 
set of prime numbers less than 25. 

37. X = the set of natural numbers greater than 3 and less than 
9; Y = the set of natural numbers less than 8. 


=== Given the following three sets, indicate True or False for each 
statement. 


A= £1, 3, 5,7} 

B = {1,7} 

C= [1,3,5, 7,9, 11} 
38.BCC 39. ACB 40.CcC 
4l. BCA 42.CCA 43. ACC 


=== Tell whether or not set A is a subset of set B. 

44. A = {0, 5} and B = {0} 

45. A =g¢ and B = {0} 

46. A is the set of all natural numbers and B is the set of all 
natural numbers that may be divided evenly by 10. 


47. To prove that ¢ C N is true for every set N, you reason in- 
directly. Answer the questions that follow to understand the 
proof. t. 
a. Either g C N or g € Nis true. How do you know this? 
b. Suppose g € N is true. What does this imply? Since N is 
well defined, you know all the elements in N. Then there is at 
least one element in ¢g that is not in N. Why? 
c. Does g have any elements? Why? 
d. In b, you found that there is an element in g. From c you 
know that g has no elements. Could both be true? 
e. Does the supposition that g € N is true lead to contradictory 
statements? What are they? Then the supposition g ¢ N is 
false. 
f. In a you saw that either g CN org € Nistrue. If 9 € Nis 
false, then must g C N be true? 

This is proof that g C N is true for every set N. 
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1-3 Equivalent Sets and Infinite Sets 


B are not equal sets, they have something 

in common. Can you match each element 

of A with just one element in B so that each 8={ 4 ©» 
element of B is matched with exactly one 

element of A? Then the two sets are in one-to-one correspondence. 


Consider sets A and B. Although Aand ja — | /\ [| O] 
tt | 
a b c 


In Galileo’s problem, set S is a proper subset of set N. 


N = {1, 2,3, 4, 5, 6, 7, 8 9, 10, 11, 12,---} 


tre dd df 


S = {1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, - - -} 


Do sets N and S appear to have the same number of elements? Are 
they in one-to-one correspondence? Can you name the number of 
elements in sets N and S? 


From the definition, you can tell that N and S are equivalent sets 
and that A and B are equivalent. If B = {a, b, c} and X = {b, c, a}, 
are B and X equal sets? Are B and X equivalent sets? Why are all 
equal sets also equivalent sets? 

If R = {0, 6, 27} and Q = {270, 6}, are R and Q equal? Are 
they equivalent? R and Q are nonequivalent sets. 

Now look again at the equivalent sets B and X. What number 
property do the two sets share? 
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Sets B and X each have three elements. You can think of the 
number 3 as the common property of all sets equivalent to B or X, 
such as set A. Since N and S are equivalent, they have the same 
number of elements. But you cannot name a natural number, such 
as 3, or 6, or 100, to identify that number. The difference between 


set A and set N is that A is finite and N is infinite. 
Look at some other examples of finite and infinite sets. 


Finite sets 

a. The set of students in your 
class. 

b. The set of cities in the U.S. 

C. The set of molecules in your 
body. 

d.The set of whole numbers, 
zero through one trillion. 

€. The set of grains of sand on 
the beach. 

f. The set of stars in the Milky 
Way. 

9. The set of atoms in the earth. 

h. The set of pages in this book. 


Infinite sets 

i. The set of whole numbers. 

j- The set of even numbers. 

K. The set of points on a line 
segment. 

I. The set of multiples of ten. 

™m.The set of prime numbers. 

n. The set of composite numbers. 

0. The set of lines that contain a 
given point. 

P- The set of numbers named 
with 1 as the numerator and a 
natural number as the de- 


nominator, that is, +, 3,4, --°- 


This does not mean that the physical job of counting the elements 
can be done by any one person or by many persons. It merely means 
that it is mathematically possible. 


It is impossible to count the elements of an infinite set with the 
counting coming to an end. Look at each infinite set in the list above, 
and tell why it is infinite. (Hint: If there is a new element beyond 
any given element in a set, the set is infinite.) While you cannot count 
the elements of an infinite set with the counting coming to an end, 
you can tell if two infinite sets are equivalent. 
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Look again at the set of natural numbers and the set of even 
numbers. The set of even numbers is a proper subset of the set of 
natural numbers. Are these two sets equal? Are they equivalent? 
Are they finite or are they infinite? 


N = {1, 2, 3, 4, Jy 6, dy B® 25 n, see} 
teed tt \ 
E = (2, 4, 6,8, 10, 12,14,---,2¢m,-+-} 


If n represents any natural number, what does 2 x n represent? 
In these sets what even number matches 5? 7? 25? 1000? any natural 
number denoted by m? For each natural number, can you name one 
and only one even number that matches it? 

What natural number matches the even number 4? 12? 50? 
1,000,000? any even number 2 x n? For each even number, can you 
name one and only one natural number that matches it? Then the 
sets N and E are equivalent: they have the same number of elements. 


It may seem strange to match the elements of a set with a proper 
subset of itself. But it can be done with infinite sets. In fact, this 
matching property can be used to define infinite sets. Why can you 
not place a finite set in one-to-one correspondence with a proper 
subset of itself? 


1. When are two sets said to be in one-to-one correspondence? 
. When are two sets equivalent sets? 

. When are two sets nonequivalent sets? 

. What is a finite set? 

. What is an infinite set? 

. When do two sets have the same number of elements? 

. How many elements are in the set of natural numbers? 


NO of BP WwW PD 
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Exercises 


A =< Write Equivalent or Nonequivalent for each pair of sets in 
Exercises 1-11. Also, identify each set as Finite or Infinite. 

1. {1, 2, 3} and {6, 7, 8} 

2. {3, 4, 5, 6} and {4, 4, %, 4} 

3. The set of even whole numbers between 40 and. 50 and the 
set of even whole numbers between 50 and 60. 

4. The set of odd whole numbers less than 25 and the set of 
prime numbers less than 25. 

5. The set of natural numbers that are exact divisors of 36 and 
the set of digits in the decimal system. 

6. The set of vertices of triangle ABC and 
the set of line segments that form the tri- 
angle. - 

_ 7. The set of vertices of any polygon and A= 
the set of sides of the polygon. 

8. The set of teachers in your school and the set of adult females 
in your school. 

9. The set of pages in this book and the set of natural numbers 
1 through 576. 

10. The set of fingers on a normal hand and {1, 2, 3, 4, 5}. 

11. The set of all circles and the set of centers of all circles. 

12. The graph shows the set of whole numbers matched with 
certain points on a line. Is each number matched with exactly 
one point? Is the given set of points on the line equivalent to 
the set of whole numbers? 


13. The drawing shows one way that 

sets C and D can be placed in one- . =| V [| O} 
to-one correspondence. Make draw- 

ings to show five other ways that this D= | aes, 
can be done. 


B 14. Indicate a 1-1 correspondence between the even natural num- 
bers, E, and the odd natural numbers, D. Describe a pattern 
that indicates how the elements in D are to be matched with the 
elements in E. What conclusion can you draw about these two 
sets? How many members has each set? 
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15. Indicate a 1-1 (one-to-one) correspondence between 


Wa 1,3,3426-<4 
and 
B = {100, 101, 102, 103, 104, 105, 106, - - -}. 


Describe a pattern that indicates how the elements in B can 
be matched with the elements in N. What can you conclude 
about these two sets? How many members has each set? 


C 16. Is the set of numbers F = {4, 4,4,4,°--, 1,...} equivalent 
n 
{| to the set of natural numbers? How many members has F? 


1-4 Variables and Expressions 


If you buy a given number of five-cent stamps, the total cost is 
5 times the number of stamps. The number of stamps can be any 
number in the set W = {0, 1, 2, 3,---}. To represent any number in 
the set, you can use a symbol such as n, x, or []. Such symbols are 
called variables. 


The expressions 3 x n, 3-n, and 3m mean “3 times any number 
chosen from the replacement set.”” What 
would 5(] mean? In the diagram at 
the right, the box, (1, is the variable and 
the numbers shown on the strip form the 
replacement set. 

If ( is replaced by 2, then 5LJ 
names 5 x2, or 10. Tell the numbers 
that complete the following table. 


Number from 
replacement set 


5 is 05 0 6 2 2 & BE vee 2 
The set that results from 5] is the set of multiples of 5. 
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The replacement set in this example of buying any number of 
stamps is a finite set of whole numbers. Why would it not make sense 
to have 63 in the replacement set? The replacement set is often de- 
termined by the nature of the problem; other times, the choice of the 
replacement set is arbitrary. Sometimes the replacement set is called 
the universal set. 


EXAMPLE. Suppose that each table in a furniture store has 4 legs 
and that m represents the number of tables. Then 4n represents the 
total number of legs. What replacement set is sensible? 

The sensible replacement set is {0, 1, 2, 3, 4,---,m} because 
there must be a whole number of tables. 


The group of symbols 2+ 5x is an algebraic expression. An 
algebraic expression is made up of one or more terms joined by + or —. 
A term is the product and/or quotient of numerals and variables, for 

a 
’ 2b 
efficient of the other factors. Thus, in the term 4xy, 4 is the coefficient 
of xy; x is the coefficient of $y; and y is the coefficient of $x. But 
coefficient usually means numerical coefficient. So when you are 
asked for the coefficient of an expression such as 3mnz?, it is 3. 

An algebraic expression names a number when the variable is 
replaced by an element in the replacement set. To find the number 
named by 2 + 5x, you need to know whether it means “Add 2 and 5, 
and then multiply x by the sum” or “‘Multiply x by 5, and then add 
the product to 2.” Punctuation marks can be used to make the mean- 
ing of the expression 2 + 5x clear. The most common punctuation 
marks in algebra are parentheses. Look at the expressions (2 + 5)x 
and 2 + (5x). 

The expression (2 + 5)x means “Add 2 and 5, and then multiply 
x by the sum.” Complete this table. If the replacement set were W, 
what would be the set of values for (2 + 5)x? 


x 01 2 3 4 5 6 
(2+5)x|0 7 14 21 2 2 2 
The expression 2 + (5x) means “Multiply x by 5, and then add 
the product to 2.” Complete this table. If the replacement set for x 


were the set of multiples of 5, what would be the set of values for 
2 + (3x)? 


example, $xy, 3mn? Any one of the factors of the term is a co- 


x |0 5 10 15 20 25 
2+(Se)12 27 52 77 ft, 2. 
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An agreement is usually made on the order of operation so that 
you will be able to write the expressions more easily. Unless paren- 
theses or other grouping symbols show clearly that something else is 
to be done, the standard agreement on the order of operations is as 
follows. 


Thus, for 2 + 5x, you multiply first, and then add, and no parentheses 
are necessary. 

Note that the set of values. for x and the set of values for 2 + 5x 
are equivalent. 


{0, 5,10, 15, 20,--+} 
(2, 27, 52, TZ, 102,---} 


Each value of x is matched with just one value of 2 + 5x, and each 
value of 2 + 5x is matched with just one value of x. 


Now try these 

=—— Write a single numeral for each expression. 

1.345-2 2136633 3. (5+3)-8 
4.5+4+3(6 +4) 5. 643-548-(2-34+6-4-1 


6. What numbers may result from_l + 3n if the replacement set for 
nis {0, 1, 2,3, 4,---}2 


Answers: 1.13 2. 28 3. 64 4.35 5.24 6. {1, 4,7, 10, 13, ---} 


1. What is a variable? What is the connection between a 
variable and a replacement set? 

2. What is an algebraic expression? When does an expression 
such as 2 + 5x name a number? 

3. What agreement is made on the order of operations in an 
algebraic expression? x 
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Exercises 


A 


— If t is a variable whose replacement set is {1, 3, 5, 7}, find the 
set of numbers named by each of the following. 
1. 4¢ 2. i 3. 1-1 4, ttt 


y 
4 


19.90/94 a, 
— If” is a variable whose replacement set is the set of whole 
numbers, W, list the set of numbers named by each of the fol- 
lowing. | ¢ 2 


5. a LO, 256. In +1 7. 2n+2 
8. 3n 9.n+4 10. 2n +4 
11.547 12. 5(n + 3) 13, 34" 

14, 3n(5 +n) 15. % 16. 3+ in 


17. If the replacement set is W, which of the following names all 
the even numbers? the odd numbers? the multiples of 3? none 
of these? 

a. 3a b. 2n c. 2n+1 d. 3n41 
== If the replacement set for the variable ¢ is {0, 1, 2, 5}, what is 
the least number represented by each of the following? 

18. t 19. ¢+¢4+1 20. 1+2 
21. 21 22. ¢t-t 23. ¢-t 


=== For which variables is a finite set of whole numbers the re- 
placement set? 

24. n represents the number of pounds : 

of ec eat buy at $.89 a pa }s.8on iy The total est, 
25. Jrepresents the number of inches in ) 5/ is the number of square 
the length of a rectangle whose width is bas in the area of the 
5 inches. rectangular region. 


26. x represents the number of i Toate tire tote! suniberar 


in your class. 

7) ng 
== If p = 31 is true and the replacement set for ¢ is {1, 2, 3}, what 
is the greatest number represented by each of the following? 


fingers on all the people 
in the class. 


27. p+5 28. p+t 29.441 

30. 52 31. 4 —p 32. Tp-4t 

33. p-3 34. p—p 35. 4(p +2) on 
. 
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=< List the replacement set necessary so that each of the following 
names a whole number. 


36. a+2 37. 
39.0+a 40. 


38.x+x 
Al, 3x+9)+2 


You know that “I am an algebra student” is a true English sen- 
tence about you and algebra. The following are true mathematical 
sentences with a brief description of each. 


a.5+2=7 A sentence using =, is equal to, is an equality, or 
an equation. 

b.8 > 5 A sentence using >, is greater than, is an in- 
equality. 

c. 15+6 < 25 A sentence using <, is Jess than, is an inequality. 

d.15 #4 A sentence using +, is not equal to, is an in- 
equality. 


The symbol = means “‘is identical to” or “names the same thing 
as.” The sentence 5+ 3 = 10 is false because 5 +3 and 10 do not 
name the same number. The sentence can be made true by changing 
the symbol to =: 5+3 #10. (Note that a line through any symbol 
means “‘not.”’) 

The relations is greater than and is less than can be visualized 
on the number line. To make a number line, match 0 with a point 
of a horizontal line, and choose a point to the right to match 1; then 
mark off congruent (equal in measure) segments to locate points for 
successive whole numbers. The number is called the coordinate of 
the corresponding point. The arrows at the ends indicate that the 
numbers go on indefinitely in both directions. 


01 2 3 4 5 6 7 


To compare numbers using the number line, note the following. 
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Pick a number and place your pencil at the corresponding point. 
Name numbers that are greater than the one you chose; name some 
that are less than the one you chose. 

The idea of using the number line to compare two numbers can be 
stated as an equation. For example, you can say that 8 > 5 is true 
because there is a counting number, 3, that added to 5 makes 8; that 
is, 8 > 5 is true because 8 = 5+ 3 is true. The definition is as follows. 


Look at sentences e-h below. You cannot tell whether they are 
true or false until elements of the replacement set are substituted for 
the variable. They are open sentences. 


Substitute elements of the replacement set, U, to explain how the 
solution set was obtained. 


Sentence Replacement set Solution set 


e.x+2>4 U = {0, 2, 4, 6} {4, 6} 

f. x+x=0 U = $0, 1, 2, 3 4.--+4 {0} 
g.x+3>x U = (0, 1, 2, 3, 4,---] (0, 1, &, 3, 4,---] 
h4+3=x t= (6, 1, 2, 5, 45+] g 


The graphs of sentences e-h are shown below. 


[ a 
(e.) 0123456789 


(fp @128456789 
(g 0123456789 
ty "0123456789 


ee eee is the set of points on the number 
line whose coordinates make the sentence true. The graph of e is 
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two points, and of f, one point. The graph of g is all the points on 
the number line (the arrow shows that the graph continues indefinitely). 
The graph of h is no points because the solution set is empty. 


1. How is = defined? <? >? 

2. When is a sentence an equality? an inequality? 
3. What is the coordinate of a point on a line? 

4. What is the graph of an open sentence? 


Exercises 

A «<= Write True or.False to describe each sentence. 
1,634+4=4+3 2.4°-3=3-4 
3.34+(3410)=G4+5)+10 4. (44+4)+2>44+6+9 
5. (2+ 3)-5 < 2-6-6) 6. 18+96=95+ 18 
7. 632 + 49 = 49 + 632 8. 0-632 > 632 
9. 0+ 632 = 632 10. 1 - 33 = 34 
11. 12+ 44 < 43412 12. 27-9 >9-26 


ee If the replacement set is U = {2, 4, 6, 8, 10}, list the elements 
in the solution set of each of the following sentences. 


(13. x+2 < 10 14.n43+4+5 
15.a+2=2+a (AG). 3x > 15 
17. w+w=8 18. ¢=8 

19.x#24+x 20.w+5=7 


21. Which of the above sentences are equations? Which sentences 
are inequalities? 
22. Look at the following. The replacement set is U. 
W=(1,3,5,7} 
3x+1> 16 
3(1) +1 > 16 333) +1 > 16 
3(5) + 1 > 16 3 +1 > 16 
a. Which of the above inequalities is an open sentence? 
b. Identify the replacement set. 
c. Which sentences are true? Which are false? 
d. List the elements of the solution set of the open sentence. 
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23. Write True or False to describe the sentence that results when 
x is replaced by 3. 


a. 3x =9 b. x+9=11 c.x-—1=2 


= 14 e. 3x -—x=7 


——= If the replacement set is U = {0, 1, 2, 3, 4, 5, -- -}, write the 
solution set by the roster method. 


24. x+3> 15 25. x+2=10 
26. x+2> 10 27. 10+ x = 30 
28. 10+ x < 30 29.x+3<x+4 
30. x+1 <5 31. 3x + 9 

32. x+5 #6 33. 25 < 2x + 3x 


B =< If x is a variable whose replacement set is {1, 2, 3, 4, 5, 6}, find 
the solution set for each of the open sentences below. 


34. 5=1 35. x? =25 36. 5 <1 
37.xt¢5-2 38. 3x >> 


——= Suppose that the replacement set for x and y is the set of 
whole numbers. Tell whether each of the following sentences is 
True or False. If the sentence is false, give an example that 
proves it is false. The symbol Vx Vy means that for every pair of 
members chosen for x and for y, the sentence is true. 


39. Vx Vy x+yzytx 

AO. vx Vy (xty)+x=x4+(Q4+ 4) 

Al. vx Vy x+y is one and only one whole number. 
42. vx Vy xy is one and only one whole number. 
43. Wx Vy x+y>x+x 

44. Vx Vy x: y>x-x 

45. Vx 1-x=x 

46. vy O+y=y 

47. Vx There is a whole number a such that xa = 0. 
48. vx There is a whole number a such that x +a =x. 
49. vx There is a whole number a such that xa = 1. 
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1-6 The Set of Fractional Numbers 


Tell why the set of whole numbers is not sufficient to answer 
these questions. 


a. What is the measure of AB when AC measures one unit? 


A B Cc 
<—_—_—_ aaa na 
) 1 


b. What part of the square region is shaded? 


c. What number is the quotient 4 + 5? 
Fractional numbers can be used for the answers. 


For a, does the natural number 3 name the number of parts of 
equal length in AC, the entire segment? Does the whole number 2 name 
the number of parts of equal length in AB, the segment being con- 
sidered? Then what does the ordered pair (2, 3) name? Is the fractional 
number $ the measure of 4B? 

For b, what does 4 name; what does 2 name? What does the 
ordered pair (2, 4) tell about the shaded region in b? Does the frac- 
tional number % describe the shaded part of the region in relation to 
the whole region? 

What do the ordered pair (4, 5) and 4 + 5 have in common? Is 
the fractional number $ the quotient of 4 divided by 5? 

The pairs of numbers (2, 3), (2, 4), and (4, 5) are called ordered 
pairs because the numbers are given in a particular order: 2 out of 3 
parts, 2 out of 4 parts, and so forth. 

In a, you compared 2 to 3; in b, you compared 2 to 4; in c, you 
compared 4 to 5. Each of these comparisons is a ratio of a whole 
number to a natural number. The ratio is the quotient of two num- 
bers. Why must the second number be a natural number? This leads 
to the formulation of a definition for fractional numbers. 


As you know, when the fractional number is named by a ratio 


i the name is a fraction, x being the numerator and y the denominator. 
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Can you name 10 as the ratio of 10 to 1, or as 12, or as 22? Can 
you name any whole number as a fraction? 


What does the ordered pair A R Ss 
(1, 2) tell about A at the right? 0 1 
What does (2, 4) tell about B? 
What does (4, 8) tell about C? Do p a ro 
the fractions 4, 2, and $ name the 0 1 
same part of the unit segment? W x 


Then the fractions 4, 7, and are C <~——————————> 
names for one fractional number; 
they are equivalent fractions. The _ 
names 3, %, g, and other names 0 
for the same fractional number are 
shown matched with one point on 

the number line. Does the number 

have five other names? a thousand 

other names? a million other 
names? 

Another way of naming frac- 
tional numbers that are named as tenths, hundredths, thousandths, 
and so forth, is by decimals. As you recall, the places after the decimal 
point are called tenths, hundredths, and so forth. Thus, 7 = 0.3, 
8, = 0.46, r38p = 0.079, and $36 = 1.29 are true. Notice that 0.2, 
0.20, 0.200, and so forth, all name the same fractional number. Why? 

The set of names for any fractional number is an infinite set. 
Each fraction names an ordered pair — a whole number and a natural 
number. 


1. What is a fractional number? 

2. What is an ordered pair? 

3. What is a fraction? 

4. What are equivalent fractions? 

5. How many equivalent fractions can there be in a set? 


eee BIO GIS ow AID Ne 
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Exercises 


A 1. Give five names for the fractional number 7. 
2. What fractional number is the coordinate of each lettered 


point? 
A B CDE FGHIJ 
oz 1 se 8 4 es 6 7 
== Name each fractional number shown below in three ways. 
3.2 4. 62 5.6.7 _ 6. 0.000001 
Fe 3:82 8. 13.205 9. 0.623 10. 22 


=— Write a numeral for the variable to make each sentence true. 


W.5=7 1201-4 13.2001-%, 141-3 


—— Graph each of the following sets on a number line. 


15. {0, 4, 3, 1, 4, §, 2} 16. {0, 0.5, 1, 1.5, 2} 
17. Classify each number in Exercises 15 and 16 as a whole 
Sty y, number, W, a natural number, N, or a fractional number, F. 
rv i Some numbers may be classified in more than one way. 
B 18. Show a one-to-one correspondence between the set of natural 
Oy numbers and the set of names for . Pi ait 
%, “ {2 a 3 $s oe ‘| 4 ¢ 


What is the number of elements in the given set of names? | 


1-7 Addition, Multiplication, and Equality 


Probably you recall that fractional numbers showing the same 
denominator can be added by merely adding the numerators. 
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Thus, 7 + tis equal to tg. Butcan you add ;5 and 3? Youcan 
if you recognize that 3 is just another name for 75. 

It is not always easy to recognize names with common denomi- 
nators for fractional numbers. Here multiplication can be useful. 
Recall that the product of two fractional numbers is the product of 
their numerators divided by the product of their denominators. 


You may use the definition of multiplication when you rename a 
fractional number by multiplying it by a name for 1. 


EXAMPLE 1. Do 3% and 3% name the same fractional number? 


35 ? 5 
77 = 11 
2 25s EB ay te 
ier? Oar 7 
35 _ 35 


| 


x 
~y 
x 


7 
This shows that 28 and 3% do name the same fractional number. 


Here is another way to check equality for fractional numbers. 


EXAMPLE 2. Do 2 and 3% name the same fractional number? 
Examine the products 2 - 12 and 3 - 8. Is it true that 2 - 12 equals 
3-8? Then 2 and 3% do name the same fractional number. 


If you must add two fractional numbers, you may need to find 
equivalent fractions with a common denominator. 


EXAMPLE 3. Add 3 and 3. 

You must find equivalent fractions for each number. Note that 
40 is a multiple of each denominator. Therefore, each given number 
can be multiplied by a name for | to have a denominator of 40, and 
the problem may be rewritten. 
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You know that 3 is greater than 2. How can you tell which of any 
two fractional numbers is greater; that is, how can you order them? 


EXAMPLE 4. Which is greater, zy or 4? 
Examine the products 5-10 and 11-4. Is 5-10>11-4 true? 
If so, then 3 > +4 is true. 


Use the definition to show that these sentences are true. 

ee >4 Bt > & Bey ig 

Between some pairs of whole numbers, it is impossible to find 
another number of the same set. This means that the set of whole 
numbers is discrete. This is not true of the fractional numbers. The 
fractional numbers are not discrete. 

Between any two fractional numbers, another fractional number 
can be found. Between 3 and Z, the fractional number te can be 
inserted. Between +4 and %, you can insert % This property of 
fractional numbers is the density property. A set is dense if there is 
always another member of the set between any two members. 

The density property can be illustrated by using the number line. 
For example, between 4 and B, there is another point, C, that is 
halfway between 4 and B. If A matches 0 and B matches 1, then C 
matches 4. 


A Cc B 
<_— ee ? 
(0) 1 1 


NI 


If you look at points A and C, you will see there is a point halfway 
between them, call it D, and it matches z; there is a point halfway 
between A and D that matches %; and so on. 


A D C B 
ee? 
1 


a ne & 
03 4 2 


This pattern continues indefinitely for any pair of different frac- 
tional numbers. ‘. 
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Exercises 
A 1, Which is true? 
ws, HB oe b. 12 <3 6. =F 


2. Insert one fractional number between © and $. 


=——= Add or multiply as directed. 


C244 4. 2x? (Seth 
6. ast+% C7J#x# 8.3+%%5 
9. i+’ 0.axi (11) 443 
12. 24% (1354+23 14. 0.3+0.4 
15. 0.254+0.5 . 16. 0,25 x 2.4 17. 1.02 x 2.37 


=——= The mixed form of a fractional number is one in which the 
number is named as the sum of a whole number and a fraction, 
without writing the addition sign. For example, 2% is a mixed 
form for the number also named by 2 or by 2.25. Rename each 
of ys ‘oa as_mixed forms. 


18. (i9,)22 20. 2.5 Cad 7.309 


=—= Replace each @ by one of the symbols <, >, or = to make 
each sentence below true. You should be able to do most of these 
without computation. 


22. 2 Q 4 (23) 4 44 @ 122 142 

24.2 @8 25) 8 424 @ 12-13 
26. 63 — 6f @0 27. 153 @ 15.4998 
28.3x44@44x3 29.'2.0001 @ 2.00001 
30.6+7@$% 31)4+7@4=5 
32.%3+4@2xi 33.3+3@¢x2 


=—— The variables m, x, y, and z represent fractional numbers 
between 0 and 20. The numbers 


are arranged as shown at the my x z 

q . <—— +  ) 
right. Replace the @ with <, 0 20 

>, or = to make true sentences. 7) 

34. m @ 20 (35) 0@ 36.x@m (32 mey 

38. m@z 39) z@y 40.m@x ( 41)20@y 


42.x@x (43, 3m@0 44.5y@0 / 45: 4m@20 | 
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—— What set of numbers is represented when the eo Le. 1 
placed in turn by each element of the replacement set {3, 
46. 2n 47. 3n+1 48. n° 49. o- 


n 2 n+2 
50. 3 51. 2 52."52 58. 


== If the replacement set is {0.2, 0.3, 0.4}, what set of numbers: 
is named by each expression in column a? in column b? py M4 


a b ; 
BA. 4n + 3n Tn " Wn Wa) 4 
55. 12+ 1? on? 7 i: S - ; ~ AS 
56. (4n + 3n) + 2n? Tn + 2n? Ve v7] ~ 


57. The division example shows how the 0.142857? 

decimal name for + is found. What digit 7)1.0000000- - - 

replaces the question mark? The numerals = _7_ 

in color show the remainders. What will be 30 ni o 

the next six remainders? Then, what will 28 pers I 

be the next six digits in the quotient? 20 eS eh 
Is 4 = 0.142857142857 true if the bar 14_ mia 

means that the block of digits beneath the 60 _ 

bar is repeated over and over? The decimal 56_ 

name for a number such as 7 is a repeating 40 

decimal. 35_ 

The decimal name for 4 is 0.125. This 50 


is a terminating decimal. 5 


— Name each fractional number below with 
a decimal. Use a bar to indicate a block of digits that repeats. 


58.2 59% 60.4 61.% 62.3% 63. 35 


B —<— The example at the right shows 


how the repeating decimal x = 0.1212 x= 0,19 

can be expressed as a fractional 100x = 100(0.1212) 
number. Express each of the fol- = 12.1212 
lowing in the same way. siheiuand 

64. 0.33 _ 65. O.g232 100% = 12.1272 
66. 635.1515 67. 0.833 1? 


68. 0.123123 (Hint: Multiply by 

1000 instead of 100. Why?) 

69. 687872 AD 
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